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Problem 1 For a twice continuously differentiable function 𝑓 : R2 → R the
following three conditions are equivalent. Show that they are also equivalent to
supermodularity.

a. 𝑓𝑥 (𝑥, 𝑡) is nondecreasing in 𝑡 for all 𝑥.

b. 𝑓𝑡 (𝑥, 𝑡) is nondecreasing in 𝑥 for all 𝑡.

a. 𝑓𝑥𝑡 (𝑥, 𝑡) ≥ 0 for all (𝑥, 𝑡)

Problem 2 Let 𝑓 : 𝑋×𝑇 → R. Show that if argmax𝑥∈𝑆 𝑓 (𝑥, 𝑡) is nondecreasing
in 𝑡 (in the strong set order) for each 𝑆 ⊆ 𝑋 then 𝑓 satisfies single crossing.

(Note: this result implies that single crossing is the weakest condition that can
ensure MCS on every possible constrained set 𝑆 ⊆ 𝑋)

Problem 3 Consider a parametrized utility function 𝑢(𝑥, 𝑦, 𝑡) where 𝑥 and 𝑦 are
two levels of consumption and 𝑡 is a parameter of the consumer’s type. Assume
that 𝑢 is continuously differentiable and that 𝑢𝑥 and 𝑢𝑦 are of constant sign (𝑥 and
𝑦 could be goods or bads).

Definition: 𝑢 satisfies the Spence-Mirlees single crossing condition if 𝑢𝑥/|𝑢𝑦 | is
nondecreasing in 𝑡.

This means that the indifference curves on (𝑥, 𝑦) are steeper for higher values
of the parameter 𝑡 at all points.
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We are going to consider a consumer that chooses 𝑥 and such that 𝑦 is deter-
mined exogenously as a function of the 𝑥 chosen. So the utility of the agent of
type 𝑡 that chooses 𝑥 is 𝑔(𝑥, 𝑡) := 𝑢(𝑥, ℎ(𝑥), 𝑡) for some function ℎ.

Recall that 𝑔(𝑥, 𝑡) satisfies single crossing if for all 𝑡′ > 𝑡 and 𝑥′ > 𝑥, if param-
eter 𝑡 prefers 𝑥′ to 𝑥, then parameter 𝑡′ also has that preference.

a. Prove that if 𝑢 satisfies the Spence-Mirlees single crossing condition then
𝑔(𝑥, 𝑡) := 𝑢(𝑥, ℎ(𝑥), 𝑡) satisfies single crossing.
b. Prove that if 𝑔(𝑥, 𝑡) := 𝑢(𝑥, ℎ(𝑥), 𝑡) satisfies single crossing for all functions
ℎ : R→ R then 𝑢 satisfies the Spence-Mirlees single crossing condition.
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